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multipliers 



Cedric Arhancet 



Abstract 

Let G be an infinite locally compact abelian group. If X is Banach space, we show that if every 
bounded Fourier multiplier T on L 2 (G) has the property that T ® Idx is bounded on L 2 (G,X) 
then the Banach space X is isomorphic to a Hilbert space. Moreover, if 1 < p < oo, p 7^ 2, we 
prove that there exists a bounded Fourier multiplier on L V (G) which is not completely bounded. 
Finally, we examine unconditionality from the point of view of Schur multipliers. More precisely, 
we give several necessary and sufficient conditions to determine if an operator space is completely 
isomorphic to an operator Hilbert space. 



1 Introduction 



In [DeJ, Theorem 1], M. Defant and M. Junge proved the following theorem (see also |ArBl Theorem 
1.5] and [PiWI Theorem 8.4.11]). 

Theorem 1.1 Let X be a Banach space. Suppose that there exists a positive constant C such that 
for any integer tieN, any complex numbers t- n , . . . , t n G C and any X- n , . . . , x n € X we have 



(1.1) 



e 2 " k - <g> x k 



sup |i fe I 

n < k < n 



L 2 (T,X) 

Then the Banach space X is isomorphic to a Hilbert space 



L 2 (T,X) 



This result says that if every bounded Fourier multiplier T on L 2 (T) has the property that T (g> Idx 
is bounded on L 2 (T,X) then the Banach space X is isomorphic to a Hilbert space. The paper |DeJl 
Theorem 1] contains a generalization to infinite compact abelian groups. Our first main result is an 
extension of this theorem to infinite arbitrary locally compact abelian groups. 

Theorem 1.2 Let G be an infinite locally compact abelian group and X be a Banach space. If every 
bounded Fourier multiplier T on L 2 (G) has the property that T £§> Idx is bounded on L 2 (G,X) then 
the Banach space X is isomorphic to a Hilbert space. 



Our proof is independent of the work |DeJ) . 

Suppose 1 ^ p ^ 00. We denote by S p = S p (£ 2 ) the Schatten space. Let fl be a measure space. 
Recall that a linear map T: L p (il) — > L p (£l) is completely bounded if T® Idsp extends to a bounded 
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operator T <E) Idsp : L p (tt,S p ) — >• L p (il,S p ), see [Pis2j. In this case, the completely bounded norm 
\\T\\cb,Lp(n)^Lp(n) is defined by 

(1.2) \\T\\cb t LP(ii)->L»((i) = \\T® Id sp\\ LP{ntSP) _, LP{ ^ Spy 

Let G be a locally compact abelian group. If p = 1, 2 or oo, it is easy to see that every bounded 
Fourier multiplier is completely bounded on L P (G). If 1 < p < oo, p / 2, the situation is different. 
Indeed, G. Pisier showed the following theorem (see |Pis2[ Proposition 8.1.3], |Pis3l page 181] and also 
|Har[ Proposition 3.1]). 

Theorem 1.3 Suppose 1 < p < oo, p ^ 2. Let G be an infinite compact abelian group. There exists 
a bounded Fourier multiplier on L P (G) which is not completely bounded. 

The author [Xrhl Theo rems 3.4 and 3.5] has given variants of this result by proving the next theorem: 



Theorem 1.4 Suppose 1 < p < oo, p / 2. If G - 

multiplier on L P {G) which is not completely bounded. 



or G = Z, there exists a bounded Fourier 



In this paper, we give an extension of these both theorems to arbitrary infinite locally compact abelian 
groups. Our second principal result is the following. 

Theorem 1.5 Suppose 1 < p < oo, p ^ 2. Let G be an infinite locally compact abelian group. There 
exists a bounded Fourier multiplier on L P {G) which is not completely bounded. 

The proof of this theorem and the one of Theorem 11.31 use a form of conditionality (i.e. non uncondi- 
tionality) . 

If 1 < p < oo and if E is an operator space, let S P {E) denote the vector- valued noncommutative 
L p -space defined in [Pis2] . The readers are referred to [Pis2] and |Pis3| for details on operator spaces 
and completely bounded maps. For any index set /, we denote by OH{I) the associated operator 
Hilbert space introduced by G. Pisier, see |Pis3| and |Pis4| for more information. For any integers 
i,j ^ 1, let ejj be the element of S p corresponding to the matrix with coefficients equal to one at the 
entry and zero elsewhere. In the last section, we show some results linked with unconditionality 
in the spirit of Theorem ll.il The following result is proved. 

Theorem 1.6 Let E be an operator space. The following assertions are equivalent. 
• There exists a positive constant C such that 



<>J=1 



tij eij Xij 



S 2 (E) 



^ C sup \ti 



i,3=l 



^ij & %ij 



S 2 (E) 



for any n £ N, any complex numbers tij g C and any x^ G E 



• The operator space E is completely isomorphic to an operator Hilbert space OH {I) for some 
index set I. 

The paper is organized as follows. Section 2 gives preliminaries on probability theory, Fourier 
multipliers and groups. We state some results which are relevant to our paper. The next Section 3 
contains the proof of Theorem 1 1.2 1 In Section 4, we give a proof of Theorem 1 1.5 1 Section 5 is devoted 
to unconditionality from the point of view of Schur multipliers. We present a proof of Theorem 11.61 

Later in the paper, we will use < to indicate an inequality up to a constant which does not depend 
on the particular elements to which it applies. Moreover A(x) « B{x) will mean that we both have 
A(x) < B(x) and B(x) < A(x). 
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2 Preliminaries 



Let us recall some basic notations. If A is a subset of a set E, we let 1a be the characteristic function 
of A. Let T={zGC||z| = l} and let flo = { — 1,1} 00 be the Cantor group equipped with their 
normalized Haar measure. For any integer i ^ 1, we define Si by £j(w) = Ui if u) = (u>k)k^i £ ^o- We 
can see the £j's as independent Rademacher variables on the probability space f2o- Let X be a Banach 
space. Suppose 1 < p < 00. We let Rad p (X) C L p (Hq,X) be the closure of Span{ei<g)x | i ^ 1, x G -X"} 
in the Bochner space _L p (17q, X). Thus, for any finite family xi, . . . , x n in X, we have 



i=l 



&% (^) 



Radp(X) 



£i(w)x,- 



A" 



We let Rad(X) = Rad2(X). By Kahane's inequalities (see e.g. |DJT|, Theorem 11.1]), the Banach 
spaces Rad(JT) and Rad p (X) are canonically isomorphic. 

We say that a set F C B(X) is i?-bounded provided that there exists a constant G such that 
for any finite families Ti, . . . , T n in i* 1 and xi, . . . , x n in X, we have 



»=i 



St ®Ti{xi) 



Rad(X) 



i=l 



£^ 



Rad(X) 



i?-boundedness was introduced in |BeG| and then developed in the fundamental paper [ClPj. We refer 
to the latter paper and to [KuW, Section 2] for a detailed presentation. 

Recall that a Banach space X has property (a) if there exists a positive constant G such that for 
any integer n, any complex numbers tij £ C and any Xij in X we have 



tij £ i 



' Sj ® X{j 



Rad(RadpQ) 



^G sup \Uj\ 

1^2,j?Cn 



1 £j <g) Xi 



Rad(Rad(A")) 



If 1 < p < 00, p ^ 2, it is well-known that the space 5 P does not have property (a). If the Banach 
space X has property (a) and if Q is a c-nnite measure space then, for any 1 < p < 00, the space 
L p (yi,X) also has property (a). See [Pislj . |C1P[ page 148] and [KuW] page 127] for more information 
on this property. 

Let Y be a Banach space and let u: Y — > B(X) be a bounded map. We say that u is i?-bounded 
if the set {u{y) | \\y\\y ^ 1} is i?-bounded. We recall a fact which is highly relevant for our paper. 
This result is [DPRl Corollary 2.19] (see also [KLM[ Corollary 4.5]). 

Theorem 2.1 Let K be a compact topological space and X be a Banach space with property (a). Any 
bounded homomorphism u: C(K) — » B{X) is R-bounded. 

Now, we record the following elementary lemma for later use. Its easy proof is left to the reader. 

Lemma 2.2 Suppose 1 < p < 00. Let E be an operator space. We have an equality 



® Xi 



Sp(E) 



1 £j (gi en ® Xi 



n g 



G £?. 



Rad(Rad(S"(£;)) 



Let G be a locally compact abelian group with dual group G. If H is a subgroup of G, we denote 
by H- 1 the annihilator of H. The group {H- L )- L is equal to the closure H of H in G. If is a 
closed subgroup of G and if tt : G — >• G/i? denotes the canonical map, the mapping x 1— J> x ^ is an 
isomorphism of G/H onto i?- 1 . Note that if G is a locally compact abelian group and if H is a closed 
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subgroup of G, we have an isomorphism G/H 1 - = H given by x M> x\H (see [HeR ( Theorem 24.11]). 
See |Fol| and [HeR for background on abstract harmonic analysis. 

Let G be a compact abelian group. A sequence (7i)j^i of G is a Sidon set if there exists a positive 
constant C such that 



Ei 



t=l 



n G N,ai, 



, a„ g 



L°°(G) 



A typical example for G = T is a Hadamard set, see e.g. {2* : i ^ l}. See |HeR| and |LoR| for more 
information on Sidon sets. Recall the following theorem |Pis5| Theorem 2.1]. 



Theorem 2.3 Let G be a compact abelian group and (7j)j^i 
space. Suppose 1 < p < oo. Then we have the equivalence 



Lp(G,X) 



n 




n 


i=i 


Rad(X) 


i=l 



Sidon set in G. Let X be a Banach 



n G N, x\, . . . , x n G X. 



Let (7i)i^i be a Sidon set in G where G is a compact abelian group. Let P be the orthogonal projection 
from L 2 (G) onto the closed span of {7; | i ^ 1} in the Hilbert space L 2 (G). Suppose 1 < p < 00. It is 
well-known that the restriction of P to L 2 (G) (1 L P (G) extends to a bounded projection from L P (G) 
on the closure of Span{7i | i ^ 1} in the space L P (G). 

In the sequel, for any integer 5, we consider the abelian group ©^Z/gZ equipped with the discrete 
topology. By [HeR, Theorem 23.22 and page 367], the dual group of (BfZ/qL is isomorphic to the 
compact group Il^Z/gZ. 

For any integer i 1, we define the character Ei_ q of the group IIf°Z/gZ by £i )g (fci, . . . , fcj, . . . ) = 

e 3 where (kj)j^i is a sequence of integers of Z. The compact group Hf°Z/gZ is an example of 
Vilenkin group and the set of all characters of this group is called the associated Vilenkin system. For 
more information, we refer the reader to [SWS, Appendix 0.7] and the references contained therein. 
We will use the following lemma left to the reader. 



Lemma 2.4 Let q ^ 2 be an integer. The sequence (£j, g ) 
Sidon set. 



. of characters of the group IlfZ/gZ is a 



The sequence \£i.q) i>1 can be regarded as a sequence of independent complex random variables on 
the probability space nj°Z/gZ. For any integer n and q, we introduce the compact finite group 
Vl™ = Z/gZ x • • • x Z/gZ. Note that fi™ is a subgroup of Hf Z/gZ. The restrictions £i, 9 |A£ to fi£ of 
the £i,q's, where 1 ^ i sC n, are characters of the group f2™ (see |HeR( Theorem 23.21]) which can also 
be regarded as a finite sequence of independent complex random variables on the probability space 

Q 

We only require the use of averages of these random variables. Moreover, if A is a Banach space 
and 1 < p < 00, these averages are identical: 



n 

J^e^lQ^Xi 




n 


1=1 


LP{£l»,X) 


i=l 



n G N,xi, . 



G A. 



Lp(n~z/ 9 z,jf) 



Thus, if n and g are integers and 1 i n, we will use also the notation Ei jq for the restriction £^g|fi". 

Suppose 1 < p < 00. An operator T: L P (G) — > L P (G) is a Fourier multiplier if there exists a 
function tp G such that for any / G L P (G) n L 2 (G) we have T(T(f)) = <pF{f) where T 

denotes the Fourier transform. In this case, we let T = M v . We denote by M p (G) the space of 
bounded Fourier multipliers on L P (G). See |Lar] and [Per] for more information. Let A be a Banach 
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space. The space M p (G,X) is the space of bounded Fourier multipliers M v such that M v eg) Idx 
extends to a bounded operator M v ® Idx '■ L P (G,X) — > L P (G,X). With these definitions and by 
(|1.2p . the space M p (G, S p ) coincides with the space of completely bounded Fourier multipliers. 
If b € L 1 (G), we define the convolution operator Cb by 

C b : LP{G) — > LP(G) 
f — ► b*f. 

This operator is a completely bounded Fourier multiplier and we have Cb = M^^ b y We will use the 
following approximation result [Lar, Theorem 5.6.1] (see also [Der, Corollary 4 page 98]). 

Theorem 2.5 Suppose 1 < p < oo. Let G be a locally compact abelian group. Let M v : L P {G) — > 
L P (G) be a bounded Fourier multiplier. Then there exists a net of continuous functions {bi)i<zi with 
compact support such that 

\\ C ^\\lp(G)-^Lv(G) ^ \\ M Alp{G)^Lv{G) and G ^^ M V 

(convergence for the strong operator topology). 

We need the following vectorial extension of [Perl Theorem 2 page 113] (see also |Sael Theorem 
3.3]). We can prove this result with a similar proof. 

Theorem 2.6 Let G be a locally compact abelian group, H be a closed subgroup of G and X be a 
Banach space. We denote by it : G — > G/H 1 - the canonical map. Then the linear map 

M p (H,X) — > M P (G,X) 

M v I > M V on 

is an isometry. 

The following proposition is well-known, see e.g. [Fol, page 57]. 

Proposition 2.7 (Weil's formula) Let G a locally compact abelian group and H a closed subgroup of 
G. For any Haar measures [Iq and fin on G and H, respectively, there exists a Haar measure (J-g/h 
on the group G/H such that for every continuous function f : G — > C with compact support we have 

f(x)dfi G (x) = I / f(xh)dii H (h)dfj, G/H (xH). 

G J G/H J H 

With this result, we can prove the next proposition. 

Proposition 2.8 Suppose 1 < p < oo. Let G be a locally compact abelian group, H be a compact 
subgroup of G and X be a Banach space. If cp : H — >• C is a complex function, we denote by tp: G — > C 
the extension of (p on G which is zero off H . Then the linear map 

M P (G/H,X) — ► M P (G,X) 
M v i— > My 

is an isometry. 

Proof : We denote tt: G — > G/H the canonical map. We use the Haar measures given by Proposition 
12.71 We can suppose that /jh(H) = 1. Using the Weil's formula, it is not difficult to prove that the 
linear map 

$ p : L p {G/H) — -+ L p {G) 
f i — y f o it 
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and its tensorisation <J> p ® /c?x : L P (G/ H, X) — ) L P (G,X) are isometries. Note that the adjoint map 
$*, and the orthogonal projection of L 2 (G) onto $ 2 (-k 2 (G/iT)) coincide on L 2 {G) (~)L P (G). Moreover, 
it is easy to see that the linear map <I>** ® Idx is well-defined and contractive. The end of the proof 
is straightforward and left to the reader. ■ 

Recall the following structure theorem for locally compact abelian groups, see e.g. |HeR| Theorem 
24.30]. 

Theorem 2.9 Any locally compact abelian group is isomorphic to a product R" x Gq where n ^ 
is an integer and Gq is a locally compact abelian group containing a compact subgroup K such that 
Gq/K is discrete. 

Let (Gi)i(zj be a family of groups and let ITg/Gi be the cartesian product of the groups G;. Recall 
that the direct sum ©jg/G^ of the group Gi is the set of all (xi)i e i S IL e /Gi such that Xi — for 
all but a finite set of indices where is the neutral element of G,;. The group ©ig/Gi is a subgroup 
of ITg/Gi. Recall that a group of bounded order is a group such that every element has finite order 
and the order of each element is less than some fixed positive integer. Note the next result |HeR| page 
449]. 

Theorem 2.10 Every abelian group G (without topology) of bounded order is isomorphic to a direct 
sum ©jg/Z/q^Z of cyclic groups, where only finitely many distinct primes qi and positive integers ri 
occur. 

This theorem implies that an infinite abelian group G of bounded order contains a direct sum ©J°Z/gZ 
where q is a fixed prime. 



3 Unconditionality and Fourier multipliers 

Suppose 1 < p < oo. Let G be a locally compact group and X a Banach space. If t £ G, we denote 
by r t the translation operator on L P (G) defined by T t (f)(s) = /(£ _1 s) where / £ L P (G) and s G G. 
We start with the next result. 

Lemma 3.1 LetG be an infinite locally compact group and X a Banach space. If the set {rt®Idx \ t £ 
G} is R-bounded in _B(L 2 (G, X)^j then the Banach space X is isomorphic to a Hilbert space. 

Proof : Let n ^ 1 be an integer and t\,...,t n be distinct elements of G. There exists a compact 
neighborhood V of the neutral element ea of G such that the sets t\V, . . . , t n V are disjoint. We have 
Mg(V) > 0. For any integer 1 < i < n, we let Vi — tiV. First note that, for any x\, . . . , x n £ X, we 
have 



. »=i 



V i lL 2 (G)H 2 ' i ll^ 



(3.1) 




Rad(L 2 (G,X)) 



since the V^'s are disjoint 
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We deduce that 



e n^iL^ikiiix 



i=l 



< 



E e * ® (T ti ® ® Si) 

i=i 

n 
i=l 

ly||i 2 (G) 



Rad(L 2 (G,X)) 



Rad(L 2 (G,Jf)) 



E Xj 



Rad(X) 



For any integer 1 ^ i ^ n, we have |1vI|l 2 (g) = 1 1 1^ 1 1 ^ 2 (g) " ^ e ' lv ^ eT that 



En* 



i\\X 



< 



E 



Ei &> X, 



Rad(X) 

We deduce that X has cotype 2. Now, for any xi, . . . ,x n £ X, we have 



1 



V 



L 2 (G) 



E e » ® x ' 



i=l 



Rad(X) 



E £i ® lv ® x, 



(=1 



Rad(L 2 (G,X)) 

E £ i® (^r 1 ®Id x ){T U ®Id x ){lv®Xi) 



Rad(L 2 (G,X)) 



< 



E E * ® 



Rad(L 2 (G,X)) 



Ell 1 



Vi r.2 



1=1 



L 2 (G) 



INI 



by (JXUl- 



Using, one more time, the equality ||ly'||i, 2 (G) = 1 1 1 v; ||i2( G i f° r an Y integer 1 ^ i ^ n, we deduce that 



E 



Si Qy 



L 2 (G) 
Rad(X) V i=l 



We deduce that X has type 2. Hence, by Kwapieh's theorem [Kwall Proposition 3.1] (or |DJT[ 
Corollary 12.20]), the Banach space X is isomorphic to a Hilbert space. ■ 

Let G be a locally compact abelian group and X be a Banach space. If X is isomorphic to a 
Hilbert space, it is clear that we have a canonical isomorphism M2(G, X) — M2(G). We will show the 
reverse implication for infinite locally compact abelian groups. 

We begin with the case of T. We give a proof which does not use |Def| . We will use the elementary 
lemma left the reader. 

Lemma 3.2 Let g : T x T — > C be a continuous complex function. We have 



g(z, z k }dz 



k— f+oo 



g{z, z)dzdz . 



TxT 



Now, we can prove the following proposition. 
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Proposition 3.3 Let X be a Banach space. We have a canonical isomorphism M2(G, T) = M2CT) if 
and only if the space X is isomorphic to a Hilbert space. 

Proof : Suppose that M 2 (T,X) = M 2 (T). For any integer i > 1, we let m = 2 21 and m, = 2 2l+1 . The 
sequences (nj)j^i and are Sidon sets for the group T. We will use the fact that there exists 

arbitrary large integers k 1 such the map — > Ui + knij is one-to-one. Note that, by Theorem 
12.31 we have an equivalence 
(3.2) 



2J Si ® £j ® Xij 



Rad(Rad(X)) 



E e2 

i,3=l 



neN, Xij e X. 



L 2 (TxT,X) 



Now, suppose that the Banach space X does not have property (a). Let C be a positive constant. 
Then there exists an integer n 1, complex numbers tij G C with |£y| = 1 and x^j G X such that 



Rad(Rad(X)) 



^5 1 with arbitrary large 



j— 1 tijSi §■) Ej 



Rad(Rad(X)) 



Using 



the equivalence (|3.2[) . we deduce that there exists an integer n ^ 1, complex numbers ty G C with 



= 1 and G X such that 



e^V^im- 



and 



Moreover, by Lemma [S3 we have 



e 2irV^T(rii + fem 3 )- 



L 2 (TxT,X) 



> 2C*. 



L 2 (TxT,X) 



A;— f-t-oo 



»>i=i 



€5 



L 2 (T,X) 

For some fc large enough, we deduce the following inequalities 



L 2 (TxT,X) 



e 2*V=I(ni+k mj y 



«S 1 



L 2 (T,X) 



and 



E ^ e2 ^ 



<8> Xj 



> C. 



L 2 (T,X) 



We infer that the inequality (jl.ip is not satisfied. Contradiction. Thus, the Banach space X has 
property (a). 

We deduce that the space L 2 (T, X) also has property (a). Now, note that L°°(T) is a commutative 
unital C*-algebra. By Gelfand's Theorem (see e.g. |Fol( Theorem 1.20]), the Banach algebra L°°(T) is 
isometrically isomorphic to a Banach algebra C(K) where K is a compact topological space. Moreover, 
we have a bounded homomorphism 



L°°(T) 



B(L 2 (T,X)) 



By Theorem 12.1) we infer that this linear map is i?-bounded. For any t G G, note that the map r t is 
an isometric Fourier multiplier. Hence the set {rt <8> Idx '■ t G T} is i?-bounded. By Lemma 13.11 we 
conclude that the Banach space X is isomorphic to a Hilbert space. ■ 
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Now, we extend Proposition 13.31 to the groups R and Z. We use a method similar to the one of 
[Xrhl Theorems 3.4 and 3.5]. Since we need variants of this method later (and also for the convenience 
of the reader), we include some details. For that purpose, we need the following vectorial extension 
of |DcL, Proposition 3.3]. One can prove this theorem as [CoW, Theorem 3.4]. 

Theorem 3.4 Let X be a Banach space. Suppose 1 < p < oo. Let ip be a continuous function on R 
which defines a bounded Fourier multiplier on L P (R, X). Then the restriction ip\L of the function 
ip to Z defines a bounded Fourier multiplier M^\% on L P (T,X). 

Moreover, we need the next result of Jodeit |Jod| Theorem 3.5]. We introduce the function A: R — > R 
defined by 

l-|*l if x e [— 1, 1] 
if \x\ > 1. 



A(x) = 



Theorem 3.5 Suppose 1 < p < oo. Let ip be a complex function defined on Z such that M v is a 
bounded Fourier multiplier on L P (T). Then the complex function ip: R — y C defined by 

(3.3) ip(x) = <p(k)A(x -k), ie R, 

fcez 

defines a bounded Fourier multiplier on L P (R). 
Now, we can prove the next Proposition. 

Proposition 3.6 Let X be a Banach space. Suppose that G = R or G = Z. We have a canonical 
isomorphism M2(G,X) — M%(G) if and only if the space X is isomorphic to a Hilbert space. 



Proof : Suppose that X is not isomorphic to a Hilbert space. By Proposition 13.31 there exists a 
bounded Fourier multiplier M v : L 2 (T) -> L 2 (T) such that M v ® Ld x is not bounded on L 2 (T,X). 
Now, consider the function ip given by (|3 . 3|) . By Theorem 13. 5| this function defines a bounded Fourier 
multiplier M$: L 2 (R) -» L 2 (R). Now, suppose that the map Mj, <g> Id X - L 2 (R,X) -> L 2 (R,X) is 
bounded. Since the function ip: R — > C is continuous, by Theorem 13.41 we deduce that the restriction 
ip\Z defines a bounded Fourier multiplier Mmi on L 2 (T, X). Moreover, we observe that, for any k G Z, 
we have ip(k) = <p(k). Then we deduce that the Fourier multiplier M v is bounded on L 2 (T, X). We 
obtain a contradiction. Consequently, the Fourier multiplier is bounded on L 2 (R) and ®Idx 
is not bounded on L 2 (R, X). Hence, the case G = R is completed. 

We can suppose that the above multiplier satisfies 1 1 M$ 1 | £2(r)— ►wr) = 1- By Theorem 12.51 
there exists a net of continuous functions with compact support such that 

ll^i lli2(R)^£2 (R) «S 1 and Cb t — M^, . 

Let C > 1. Then, it is not difficult to deduce that there exists a continuous function b: R — > C with 
compact support such that \\C b \\ L 2 (R ^ L 3 W 1 and \\C b ® Id x \\ L 2fax)->L*(&,x) ^ 2C *' Now ' we 
define the sequence (a„) n>1 of complex sequences indexed by Z by, if n ^ 1 and k E Z 

(3.4) ° n ' k = Jo Joi h { ~ 'n +k ) dsdL 

For any integer n 1, we introduce the conditional expectation E„: L 2 (R) — > L 2 (R) with respect to 
the cr-algebra generated by the 



i> ^~n^~ \->k(=Z. For any integer n ^ 1 and any / £ L 2 (R), we have 
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(see |A"bal page 227]). Now, we define the linear map J n : £j — > E„(L 2 (R)) by, if u € 

7„r—'77 <- n n L 



fce2 

It is easy to check that the map J n is an isometry of l\ onto the range E n (L 2 (R)) of E„. For any 
u £ 1%, mimicking the computation presented in the proof of |Arh| Theorem 3.5], we obtain that 

E n C b J n (u) = J n Ca n {u). 

Then, it is easy to prove that there exists an integer n ^ 1 such that ||C Qjl |L 2 _v»2 ^ 1 and ||C a?l © 

ft f 2in^i!(Yi ^ C- Finally, we conclude the case G = Z with the closed graph theorem. ■ 

Now, we pass to discrete groups. We first prove the following result with a method similar to that 
of Proposition 13.31 

Proposition 3.7 Let X be a Banach space. Let q ^ 2 be an integer. We have a canonical isomorphism 
-/^(ffi^Z/gZ, A) = M2(©j°Z/ 'qZ) if and only if the Banach space X is isomorphic to a Hilbert space. 

Proof : Assume that M 2 {(&f1i 'qZ, X) = A^ffi^Z/gZ). Then there exists a positive constant C such 
that for any ip G L°°(UfZ/qZ) 



M, 



.,X)->-L 2 (©~Z/ g Z,X) 



< C|MU°°(n°° 



Moreover, if n is an integer, note that f2™ x 51^ is a closed subgroup of ®fZ/qL. For any integer 
n ^ 1, any complex numbers Uj £ C and any Xij G X, we deduce that 



^ ^ tijSi^q © X'i 



^ C SUp |fjj 



L2(n»xn»,x) 

Now, by Theorem 12.31 and Lemma 12.41 we have the equivalence 



e, (8) £j © 



R.ad(Rad(X)) 



n e N, ar y e A". 



L2(0"xnj,x) 



We deduce that the Banach space X has property (a). The end of the proof is similar to the end of 
the proof of Proposition [ 



Proposition 3.8 Let G be an infinite discrete abelian group and X a Banach space. We have a 
canonical isomorphism M 2 (G,X) = M 2 (G) if and only if the space X is isomorphic to a Hilbert 
space. 

Proof : Case 1: G is not a torsion group. Then G contains a copy of Z, the additive group of the 
integers. Suppose that M 2 (G,X) = M 2 (G). By Theorem we have M 2 (Z,X) = M 2 (Z). By 
Proposition ^. 6[ we deduce that X is isomorphic to a Hilbert space. 

Case 2: G is a torsion group, but contains elements of arbitrarily large order. We may therefore 
assume that there is a sequence G±, G 2 , ■ ■ ■ of cyclic subgroups of G of orders ni,n 2 , ■ ■ ■ with nj > 

+oo. 

We will construct contractive Fourier multipliers C an on the cyclic group Z/nZ with large ||C 0rl © 
^x||^ 2 f X ) )f (x) • ^ e use a sminar method to the one of proof of Proposition ^. 61 By Proposition ^. 31 
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there exists a bounded Fourier multiplier : L 2 (T) — > i 2 (T) such that eg) Idx is not bounded 
on L 2 (T,X). By Theorem 12. 5[ there exists a net of continuous functions such that 



ll^i IL 2 (t)^l 2 (T) ^ II M, /<IL 2 (t)-»l 2 (T) an d C b! — > M^. 

Let C > 1 . It is not difficult to deduce that there exists a continuous function b : T — > C such that 

l|Cb||L 2 (T)— >l 2 (T) < 1 and \\Cb® I <1x\\l 2 (t,x)^l 2 Cf,x) ^ 2(7. 

Now, we use the identification L 2 (T) = £ 2 ([0, 1]). We consider the function b as a 1-periodic function 
b: K — » C. Then, we define the sequence (o„) n>1 of complex sequences indexed by {0, ... , n} by (|3.4p . 
if n ^ 1 and fc G {0, . . . , n}. If n ^ 1, note that the map C a?l is a convolution operator on £ 2 . For any 
integer n ^ 1, we introduce the conditional expectation E„ : L 2 ([0, 1]) — >• £ 2 ([0, 1]) with respect to the 

cr-algebra generated by the 
we have 



k fc+l 
n 5 n 



, fc G {0, . . . ,n}. For any integer n ^ 1 and any / G L 2 ([0, 1]), 




ill. 



(3.5) E «/ = n z^ yj h f^ dt j 

Now, we define the linear map J„ : £ 2 E n (L 2 ([0, 1])) by, if u G ^ 2 

n-1 

J„(«) =tl» ^ Mfeljfe fc + l r. 

It is easy to check that the map J n is an isometry of £ 2 onto the range E„(L 2 ([0, 1])) of E n . For any 
u G £p, by a computation similar to the one of the proof of |Arh[ Theorem 3.5], we show that 

E n C b J n {u) = J n C an {u). 

Thus, it is not difficult to deduce that there exists an integer N ^ 1 such that for any integer n ^ N 
we have 

||Ca„ || £2 _>^2 ^ 1 an d ||Co„ ® Idx ||^2 (x)— u 2 (X) ^ ^' 

Now, recall that rij > +oo. Hence, we deduce that there exists an integer j ' ^ 1 and a 

convolution operator C a : L 2 (G nj ) — > L 2 (G nj ) such that 

ll C ' a IL 2 (G„ i )^i 2 (G„ i ) ^ 1 and ll^ ® Wx IL 2 (G„ J ,X)^L 2 (G„ J .,X) ^ C - 



We conclude with Theorem 12.61 and the closed graph theorem. 

Case 3: G is a group of bounded order. In this case, the remark following Theorem 12.101 allows 
us to claim that G contains a subgroup isomorphic to the direct sum ©^Z/qZ where q is a prime 
integer. We conclude with Theorem l2.6l and Proposition |3~T1 ■ 

Recall a particular case of [DeJl Theorem 1]. We give an independent proof of this result. 

Proposition 3.9 Let G be an infinite compact abelian group and X be a Banach space. We have a 
canonical isomorphism M2(G,X) — M2{G) if and only if the space X is isomorphic to a Hilbert space. 

Proof : Let G be an infinite compact group. Suppose that M2(G,X) = M2(G). 

Case 1: The discrete group G is not a torsion group. Then G contains a copy of Z, the additive 
group of the integers. Note that we have G/Z 1 - = Z = T isomorphically. By Proposition ^. 81 we deduce 
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that M2(T,X) = M2(T). By Proposition 13.31 we deduce that the Banach space X is isomorphic to a 
Hilbert space. 

Case 2: The group G is a torsion group, but contains elements of arbitrarily large order. We may 
therefore assume that there is a sequence G\, G%, . . . of cyclic subgroups of G of orders n±, ■ ■ ■ with 
rij > +00. Note that for any integer j 1, we have the following group isomorphisms 

G/Gf = Gj= Z/njZ. 

Using Proposition 12. 8[ we conclude as the case 2 of the proof of Proposition 13.81 

Case 3: G is a group of bounded order. In this case, the remark following Theorem 12.101 allows 
us to claim that G contains a subgroup isomorphic to the direct sum 0j°Z/qZ where q is a prime 
integer. Observe that we have the group isomorphisms 

G/(©f 3 Z/qZ)- L = ®°°Z/qZ = IlfZ/gZ. 

Using the fact that ®fZjqZ is a subgroup of ILfZ/qZ, the result follows by applying Proposition 
IHHJ Theorem UM and Proposition 171 ■ 
The next result is the principal result of this section. 

Theorem 3.10 Let G be an infinite locally compact abelian group and X a Banach space. We have 
a canonical isomorphism M 2 (G,X) = M 2 (G) if and only if the Banach space X is isomorphic to a 
Hilbert space. 

Proof : By Theorem 12. 9\ the group G is isomorphic to a product R™ x Go where Go is a locally 
compact abelian group containing a compact subgroup K such that Gq/K is discrete. Suppose n ^ 1. 
If M 2 {G,X) = M 2 (G), by Theorem [231 we deduce a canonical isomorphism M 2 (R,X) = M 2 (K). 
Hence, by Proposition 13. 6[ we conclude that the Banach space X is isomorphic to a Hilbert space. If 
the group K is infinite, we apply a similar reasoning by using Proposition 13.91 instead of Proposition 
13.61 If n = and if K is finite then it is not difficult to see that G is discrete. In this case we conclude 
with Proposition 13.81 ■ 



4 Bounded Fourier multipliers which are not completely bounded 

In this section, we prove that if 1 < p < 00, p ^ 2, there exists a bounded Fourier multiplier on L P (G) 
which is not completely bounded where G is an infinite locally compact abelian group. The cases of 
groups R, Z and infinite compact abelian groups are already known. We start by extending these 
results to the discrete group ©^Z/qZ, where q ^ 2 is an integer. In the proof of this result, we will 
use the notations introduced before Proposition 13.71 

Proposition 4.1 Suppose 1 < p < 00, p ^ 2. Let q ^ 2 an integer. There exists a bounded Fourier 
multiplier on L p ( Z/qZ) which is not completely bounded. 



Proof : By Theorem 12 .61 and the closed graph theorem, it suffices to prove that there exists contractive 
Fourier multipliers on the group fl™ x f2™ = (Z/qZ x • • • x Z/qZ) x (Z/qZ x • • • x Z/qZ) with arbitrary 
large completely bounded norms in n. By Theorem 12.31 and Lemma |2.4[ we have 



Rad(Rad(SP)) 



i,j=i 



'3,1 



® Xi 



n e N, Xij e S p . 



Lp(n"xn" sp) 



We let 7?-2 q denote the closed span of the Si. q <E> £j, q 's in L p {p^ x f2") where 1 ^ i,j ^ n. For any 
family r = (ti_y)j,j^i of complex numbers we consider the linear map 



IK -2,q 



-3,1- 
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Note that we have 



£ a 



Lp(n™ x n ? ) 



£ 

i,j=l 



aye, K> sj 



LP(fl xQ ) 




neN, a»j e C 



(see [Pisli Lemma 2.1] or |Def| page 455]). Then, for any complex numbers a.^ € C, we have 




< 



£**. 

n 

£ h 



SUp 



ip(n"xn") 



E 



o. 



Lp(0" X nj) 



Consequently, we have ||T r ||7j| — KLJ>(n n xn n ) i5 IMloo- Since does not have the property (a) there 
exists complex numbers G C with |f,-j | = 1 and large ||T T <8>/dsp || • Now, using the canonical bounded 
projection from L p (nj°Z/qZ) on the closure of Span-fe^ | i ^ 1} in the space L p (n^°Z/qZ), we see 
that there exists a bounded projection from L p (jl^°'Z l /qZ x ITfZ/gZ) on Vf 2 . Applying the inclusion 
map L p {?L n q x Q£) -> £P(lTf Z/qZ x Ilf Z/gZ) we obtain a bounded projection from x Q£) on 

1Z?, g with a norm which is bounded independently of n. Finally, by composing with this projection, 
we obtain contractive Fourier multipliers on the group f2" x f2™ with arbitrary completely bounded 
norms in n. ■ 
Now, we can state and prove the second main result of this paper. 

Theorem 4.2 Suppose 1 < p < oo ; p ^ 2. Let G be an infinite locally compact abelian group. There 
exists a bounded Fourier multiplier on L P (G) which is not completely bounded. 



Proof : The proof is similar to the ones of Proposition 13.81 and Theorem 13.101 The case of a discrete 
group of torsion need some minor modifications. We prove it by a reasoning similar to the one used 
in the proof of Proposition 13.81 using the conditional expectation defined by (I3.5[) as an operator 
E n : L p ([0, 1]) -)• LP([0, 1]) and using the isometric map J„ : l p n -> E n (L p ([0, 1])) defined by, if u G £ p 



n-l 



J n {u) = ™ p £ "fel[ 



k=0 



Remark 4.3 Using the fact the space S p does not have property (a) if 1 < p < oo, p ^ 2 and the 
method used at the beginning of the proof of Provosition \3 .3[ anyone can give a proof of Theorem \4-2\ 
for the case G = T. The more general case where G is an infinite compact abelian group can also be 
obtained with the method of the proof of Proposition \3.9l 

Remark 4.4 Recall the following classical result of S. Kwapien \Kwa2]. Suppose 1 < p < oo. A 
Banach space X is isomorphic to an SQL P -space, i.e a subspace of a quotient of an LP -space if 
and only if for any measure space f2 and any bounded operator T: L P (Q) — > L p (fl), the operator 
T®Idx'- L p (il,X) — > L P (Q,X) is bounded. The results of Section 3 and of this section lead to the 
general following open question. Let X be a Banach space and G be an infinite locally compact abelian 
group. If we have a canonical isomorphism M p (G,X) = M p (G), do we have an isomorphism from the 
Banach space X on an SQL P -space? 
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5 Unconditionality and Schur multipliers 

Suppose 1 < p < oo. In this section, we use the notation S% = S p {l 2 1 ) and S| xN = S p (£l xN ). Recall 
that a Schur multiplier on S p is a linear map Ma '■ S p — > S p defined by a scalar matrix A such that 
Ma{B) — [dijbij] belongs to S p for any B £ S p . We have a similar notion for S%. In the sequel, 
( e ij)i,j>i denotes a doubly indexed family of independent Rademacher variables. 
The paper |Lee) contains the following result: 

Theorem 5.1 Let E be an operator space. Then E is completely isomorphic to an operator Hilbert 
space OH (I) for some index set I if and only if we have an equivalence 



E' 



SHE) 



J2 e n ® %i 



neN, £ E. 



Rad(_B) 



First, we show a link between a property of the Banach space S 2 (E) and a property of the operator 
space E. 

Proposition 5.2 Let E be an operator space. The following assertions are equivalent. 

• The Banach space S 2 {E) is isomorphic to a Hilbert space. 

• The operator space E is completely isomorphic to an operator Hilbert space OH (I) for some 
index set I . 

Proof : Suppose that S 2 (E) is isomorphic to a Hilbert space. By Lemma \2. 2 1 we have 

, n £ N, Xij £ E. 



^ Gij ® Xi 



S 2 (E) 



Si ® £j ® eij ® Xi 



Rad(Rad(S 2 (£))) 



Moreover, the Banach space Rad(5 2 (.E)) is also isomorphic to a Hilbert space. Hence, for any integer 
n £ N and any x^ £ E, we deduce that 



^ &ij ® Xi 



SHE) 



E \\ e ij® X ij\\ 

- »,i=i 



S 2 (£) 



E ll^ill 



The space £ is a closed subspace of S 2 (E). Hence it is isomorphic to a Hilbert space. Then we 
conclude that 



^ ^ ('ij ® Xi 



S 2 (£) 



^ ^ -iy vV Xi 



n £ N,xu £ E. 



Rad(_E) 



By Theorem I5.1| we deduce that E is completely isomorphic to OH(L) for some index set /. The 
reverse implication is obvious. ■ 
We need the next theorem [NeR, Remark 3.1]. 

Theorem 5.3 Let E be an operator space and ip: Z — > C be a function. Consider the infinite matrix 
A = [(pi_j]i t j e z. If the map Ma <8> We is bounded on S^(E) then the map M v ® IdE is bounded on 
L 2 (T,E) and we have 



\M V ® IdsW^tj ^^fj^ 



< \\M A ®Id E \ 



si(E)- 
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The following result shows that if the matricial units form a 'unconditional system' of S 2 (E) then 
the operator space E is completely isomorphic to an operator Hilbert space. 

Theorem 5.4 Let E be an operator space. The following assertions are equivalent. 

• The Banach space S 2 (E) has property (a). 

• There exists a positive constant C such that 



(5.1) 



^ tij eij C*) X-l 

»J=1 



< C sup \tij 



S 2 {E) 

for any integer n G N, any complex numbers tij G C and any Xij G E. 



S 2 (E) 



• The operator space E is completely isomorphic to an operator Hilbert space OH (I) for some 
index set I. 

Proof : Suppose that the Banach space S 2 (E) has property (a). For any integer n G N, any 
yij G S 2 (E) and any tij G C we have 



kjEi <g> Sj <g> yij 



Rad(Rad(S 2 (.E))) 



£ sup \tij 



^ Si <g> Sj (g) J/y 

»>i=i 



Rad(Rad(S 2 (.E))) 



For any 1 ^ i,j $C n, let iy be an element of E . Using — (E) a?y, we obtain 



i,j=l Rad(Rad(S 2 (£))) 

By Lemma [221 we conclude that 



^ sup \tij 
l^.i,j^.n 



S 2 (i?) 



< sup |£j 



E 



Rad(Rad(S 2 (£))) 



S 2 (i?) 



Now suppose that the inequality (|5.1[) is true. Using the completely isometric isomorphisms 

S 2 (S 2 (E)) = S 2 xN (E) = S 2 (E), 

it is easy to see that we have 



(5.2) 



S 2 (S 2 (iS)) 



^ C sup \U 



J,J = -Tl 



S|(S 2 (E)) 



for any integer n, any complex numbers G C and any Xij G S 2 (E). Let y> : Z — > C be a function 
with finite support. By (|5.2I) . the map ® Id$2(E) on Si,{S 2 (E)) associated with the matrix 
A = [ipi-j]ij e % is bounded with 



\M A ® Id S 2(E)\\ S 2 {S 2 {E)) ^ S 2 {S 2 {E)) 



Then by Theorem 15. 31 we deduce that the map M v ® Idg^m) is bounded on L 2 (T, S 2 (E)) and that 
we have 



' 2 (- B )IL 2 (T,S 2 (B))^L 2 (T,S 2 (B)) ^ ll^ 4 ® ^5 , |(B)|| S |(S 2 (£;))->S|(S ,2 (£;)) ^ 
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For any sequence of elements of E, we deduce that 



+00 



E ^ 



e 2mk - ® x k 



k=-c 



^ Csup \ ip(k)\ 

feez 



+ 00 

E 



e 2mk ' ® x fc 



L 2 (S 2 (B)) 



By Theorem ll.il the Banach space S 2 (E) is isomorphic to a Hilbert space. Finally, by Theorem 157 
we infer that the operator space E is completely isomorphic to an operator Hilbert space OH(I) for 
some index set I. 

The remaining implication is trivial. ■ 



Remark 5.5 The results of Section 4 raise the question to prove an analog result for Schur multipliers. 
Indeed, in this context, G. Pisier conjectured that there exists a Schur multiplier which is bounded on 
S p but not completely bounded if 1 < p < 00, p^2 (see ]Pis2\ Conjecture 8.1.12]). 
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